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Abstract
We study synchronization and rhythmic patterns generated in the heterogeneous cluster of
FitzHugh–Nagumo oscillators with transition between self-oscillating and excitable elements. Such
cluster models the sinoatrial node of the heart, and the particular point of focus is the role of
different physiological responses to mechanical stress: stretch-activated current and conductivity
change. The comparison between them finds the difference which can serve to identify the dominant
mechanism in specific experimental situations.
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The network of mixed self-oscillating and excitable elements arise in various areas of
biology and physics [1, 2]. Important examples of such networks are related to the cardiac
pacemakers (such as a sinoatrial node) incorporated in the surrounding excitable cardiac
muscle as well as cardiac cell cultures studied in experiments [3–7]. Among the actual
problems associated with such pacemaker nodes and cell cultures, there are possible effects
of external mechanical action and underlying physiological mechanisms [8]. The two main
mechanisms often considered involve the stretch-activated ionic channels and change of the
local conductivity due to the tissue deformations [9–13]. In regard of the network models,
these two mechanisms correspond to additional external current terms and to the change in
the local coupling strength.
In this paper, we study the synchronization and rhythmic patterns in the mixed lattices of
the self-oscillating and excitable FitzHugh–Nagumo elements as depending on the uniform
local coupling strength and external current. Two types of two-dimensional rectangular
lattices are considered and compared: ones with the smoothly inhomogeneous transition
between self-oscillating and excitable elements and ones with a cluster of the random self-
oscillating FitzHugh–Nagumo elements. The former may be associated with the sinoatrial
node inside an excitable tissue, and the latter may describe an artificial culture of cardiac
cells.
The studies are based on solving ordinary differential equations describing a two-
dimensional rectangular lattice of the Fitzhugh–Nagumo elements numerically. The corre-
sponding equations are
V˙ij = d (Vi,j+1 + Vi,j−1 + Vi+1,j + Vi−1,j − Vij)− Vij (Vij − aij) (Vij − 1)−Wij + I,
W˙ij = ε (kVij −Wij) ,
where Vij(t) and Wij(t) are the variables of the FitzHugh–Nagumo element with indices i and
j; aij, k, and ε are the parameters of the FitzHugh–Nagumo model, all being homogeneous
except the parameters aij; I is the parameter describing uniform external current or current
of the stretch-activated channels; d is the local (diffusive) coupling strength; the indices i and
j range from 0 to M−1 and N−1. In the equations for boundary elements, it is assumed that
V−1j ≡ V0j, VMj ≡ VM−1,j, Ui,−1 ≡ Vi0, and UiN ≡ Vi,N−1, as it would be for the Neumann
boundary conditions. Below, we consider square lattices with N = M = 50. In simulations,
the parameter values k = 0.5 and ε = 0.01 are chosen. Two types of initial conditions
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were used: the uniform conditions Vij(0) = 0.1, Uij(0) = 0 and the random conditions
Uij(0), Vij(0) ∼ U(0, 1). The used calculation time interval T = 2000 is large compared
to the characteristic interval between spikes so at least several spikes are observed in most
lattice elements. For the element in the lattice corner (where the elements are excitable),
the rhythmic pattern of VM−1,N−1(t) is analyzed within the time period 500 < t < 2000, and
the mean and standard deviation of the intervals between spikes are calculated as well as
the variability of the rate equal to the ratio between the standard deviation and the average
(the relative standard deviation).
First, let us consider the smoothly inhomogeneous lattice simulating a sinoatrial node
with the surrounding muscle. Around the corner i = j = 0, the elements are self-oscillatory,
and in the opposite corner the elements are excitable. The parameter aij depends smoothly
on the distance
√
i2 + j2 to the corner; it increases with
√
i2 + j2 from some negative
value amin to a positive one amax at some distance rmax, for distances greater than rmax the
parameter aij is uniform,
aij =

amax + (amin − amax) cos2
(
pi
√
i2+j2
2r0
)
,
√
i2 + j2 6 r0,
amax,
√
i2 + j2 > r0;
Figure 1 show the dependence aij. In Fig. 2, one can see the calculation result for the
lattice with the spatial profile of aij shown in Fig. 1. in the case of the uniform initial
conditions. Figure 2 shows the dependences on the local coupling strength for the case the
characteristics of the rhythmic pattern generated in the top right corner by the oscillating
elements in the bottom left corner. One can see the trend of the variability decreasing with
the coupling strength decreasing. There are some stepwise jumps in the shown dependences
indicating partial desynchronization, however the oscillating remains mainly synchronized
until the coupling strength is so small that there is no excitation in the top right corner.
The situation differs drastically in the case of random initial conditions as shown in
Fig. 3. Here, there is a strong increase in the variability after the coupling strength goes
under some critical value. The multiple steps in the shown dependence can be attributed to
the not too large computation time. The average interval has a clear trend to decrease with
decreasing coupling, which also differs from the previous case. The difference between the
case of uniform and random initial conditions indicates the likely multistability. The lack
of the synchronization at low coupling strength may be seen from Fig. 4, where the tem-
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Figure 1. The smoothly inhomogeneous spatial profile of the parameter aij with amin = −0.1,
amax = 0.02, r0 = 50.
poral dependences Vij(t) are shown for different elements in the lattice. The corresponding
snapshot of the wave pattern is shown in Fig. 5.
For the lattices with random cluster of oscillating elements, the dependences on the
coupling strength are similar to the case with smoothly inhomogeneous lattices and random
initial conditions. In this case, the type of initial conditions affects the dynamics less than
in the case with smoothly inhomogeneous lattice. We choose the lattice with aij = amax
at
√
i2 + j2 > r0 and aij ∼ U(amin, 0) at
√
i2 + j2 < r0 as shown in Fig. 6. In Fig. 7 one
can see the calculation results with strong prominent increase in variability at low coupling
strengths.
For the smoothly inhomogeneous lattices, the dependences of the rhythmic pattern on
the external current was also calculated. The dependences on the external current are
more complicated and have probably some footprint from the specific model of the cardiac
cells. These dependences are highly non-monotonic and have multiple intervals (windows)
of desynchronization, some narrow enough with prominent peaks in the variability as shown
in Fig. 8. These windows are inherent to the collective dynamics of the ensemble and are
not prominent in the individual dynamics.
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Figure 2. The characteristics of generated rhythmic pattern against the local coupling strength:
standard deviation of the intervals between spikes, the average of these interval, the rhythm vari-
ability as the ratio between standard deviation and the average, and the number of spikes in the
time period 500 < t < 2000. The initial conditions are uniform; the spatial profile of aij is shown
in Fig. 1; the external current is absent I = 0.
To conclude, the desynchronization in inhomogeneous two-dimensional mixed-type lat-
tices with excitable and self-oscillating FitzHugh–Nagumo elements is studied numerically
depending on the type of lattice inhomogeneity (smooth or random), coupling forces and
external current. The characteristics of the rhythm pattern (rate and its variability) created
by clusters of oscillating elements in an excitable environment were calculated. The unifor-
mity of the initial state was shown to play an important role in desynchronization effects
associated with weakening coupling. The dependences of the rate and variability on the
external current has complex structure with multiple narrow desynchronization regions.
5
Figure 3. The same as in Fig. 2, but for the random initial conditions.
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Figure 5. The snapshot of the wave pattern for Vij and Wij at t = 2000. The parameters are as in
Fig. 4.
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Figure 6. The spatial profile of the parameter aij with the random cluster of self-oscillating
elements, amin = −0.1, amax = 0.02, r0 = 50.
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Figure 7. The same as in Fig. 3 but for the spatial profile of aij shown in Fig. 6.
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Figure 8. The characteristics of generated rhythmic pattern against the uniform external current:
standard deviation of the intervals between spikes, the average of these interval, the rhythm vari-
ability as the ratio between standard deviation and the average, and the number of spikes in the
time period 500 < t < 2000. The initial conditions are random; the spatial profile of aij is shown
in Fig. 1; the coupling strength is d = 0.01.
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